An application of vertex algebras to the structure 
theory of a certain representations over Virasoro 

algebra 

G. Radobolja 

Faculty of Natural sciences and Mathematics, University of Split 

January 7, 2013 

Abstract 

In this paper we discuss structure of a tensor product p ® L(c, h) 
of irreducible module from intermediate series and irreducible highest 
weight module over Virasoro algebra. We generalize Zhang's irreducibil- 
ity criterion from [Zh] . and show that irreducibility depends on existence 
of integral roots of a certain polynomial, induced by a singular vector 
in Verma module V(c, h). A new type of irreducible Vir-module with 
infinite-dimensional weight subspaces is found. We show how existence 
of intertwining operator for modules over vertex operator algebra yields 
reducibility of V^p ® L(c, h) which is a completely new point of view to 
this problem. As an example, a complete structure of tensor product with 
minimal models c = —22/5 and c = 1/2 is presented. 

Keywords: Virasoro algebra, highest weight module, intermediate 
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1 Introduction 

Along with affine Kac-Moody algebras, Virasoro algebra plays an important 
role in theory of infinite-dimensional Lie algebras. Its irreducible weight mod- 
ules with finite-dimensional weight spaces were classified in [M] - every such 
module is either highest (or lowest) weight module, or module belonging to in- 
termediate series. It has been shown in |MZ) that irreducible weight module can 
not have finite-dimensional and infinite-dimensional weight subspaces simulta- 
neously. Modules with infinite-dimensional weight subspaces have been studied 
recently, motivated by their connection with theory of vertex operator algebras 
(VOAs) and fusion rules in conformal field theory. Such modules over affine 
Lie algebras were constructed in |CPj . while their relation to VOA theory was 
discussed in |Adlj . |Ad2) . and |Ad3j . 
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One series of such representations over Virasoro algebra is a tensor product 
V£p®L(c, h) of irreducible module V^ g from intermediate series and irreducible 
highest weight module L(c, h), constructed by H. Zhang in [Zhj . However, this 
module is not always irreducible. Zhang has given irreducibility criterion under 
condition a (f. {51 + Z, but this rules out many interesting examples appearing 
in theory of VOA and intertwining operators. 

In this paper we generalize Zhang's criterion (Theorem I3.2[) and use it to 
get new series of irreducible modules. Basically, V£ g<8) L(c, h) is irreducible 
if, and only if, equations x(y n +\ <£> v) — v n ® v have solutions in universal 
enveloping algebra U (Vir) for every n € Z. Such a solution can exists only if 
there is a singular vector in Verma module V(c, h). We show that irreducibility 
of a tensor product depends on (non)existence of integral roots of a certain 
polynomial, induced by a singular vector (j4.6[) . 

We also discuss the structure of reducible module Vq B ® L(c, 0) (Theorem 
14.31) and present a new type of irreducible Vir-module with infinite-dimensional 
weight subspaces (Theorem I4.5[) . 

In section[S]we show strong connection between reducibility of V' a s ®L(c, h) 
and existence of certain intertwining operators for vertex operator algebra (VOA) 
L(c, 0). In subsection 15.11 we focus on so called minimal models. L(c P:Q ,0) is 
a rational VOA, and all of its irreducible modules are known, together with 
fusion rules for intertwining operators between them. Using these fusion rules 
we prove reducibility of some V' a g ® L{c, h). Combining these two methods - 
fusion rules to show reducibility, and singular vectors to prove irreducibility - 
we give complete results for V' a 8 ® L(c, h) when L(c, h) is a minimal model for 
c = 02,5 = —22/5, and c = 03,4 = 1/2 (Propositions I5.6ll5.8[) . Based on these 
examples we state conjecture, that analogous results hold in general, for all 
minimal models. In subsection 15 . 2 1 we focus onc=l and demonstrate that re- 
ducibility of V a g ® h) again coincides with existence of known intertwining 
operators for h = m 2 and h = m 2 /4. 

Acknowledgement I'd like to thank my advisor, prof. Drazen Adamovic for 
his ideas, guidance and patience. 

These results were presented on a conference Representation Theory XII in 
Dubrovnik in 2011. and are a part of author's Ph.D. dissertation written under 
the direction of prof. D. Adamovic |Rlj . Generalizations to Heisenberg- Virasoro 
algebra and lU-algebra W(2, 2) will appear in our fortcoming publication |R2j . 

2 Preliminaries 

Virasoro algebra Vir is a complex Lie algebra spanned by {C, Li : i € Z} where 
C is central element, and [L n ,L m ] — (n — m) L m+n + 8 m - n - ^" C. It has a 
natural triangular decomposition 

Vir+ = CL n Vir_ = CL_„ Vir = CL © CC 

n>0 n>0 
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We use notation £7(Vir) and C/(Vir_) for universal enveloping algebras. Vectors 
Li 1 ■ ■ ■ Li n l, i\ < ■ ■ ■ < i nt n G No, form a natural PBW basis in £/(Vir). If we 
let i n < we get a basis for [/ (Vir_ ) . 

Below are well known facts from representation theory of Virasoro algebra. 

Verma module V(c, h) with highest weight h and central charge c is Vir- 
module generated by the highest weight vector v such that Cv = cv, Lqv = 
hv and L n v = for n > 0. It is a free [/(Vir„)-module with PBW basis 
{L_i n ■ ■ ■ L_i x v :«„>•••> ii > 0, n G N}. Nonzero vector u G V(c, h) is called 
singular vector if Vir+ u = and Lqu = (h + n)u for some n £ No. Singular 
vector generates submodule of V(c,h), and every proper nontrivial submodule 
contains at least one singular vector. Every Verma module contains proper max- 
imal (possibly trivial) submodule J(c, 0), and quotient L(c, h) — V(c, h)/J(c, h) 
is a unique irreducible highest weight (c, h) module. Every highest weight mod- 
ule is a quotient of a corresponding Verma module. If J(c, h) is nontrivial, it 
is generated either by one, or by two singular vectors of different weights. In 
this paper, we use notation c p , q = 1 — 6 Z„ for p, q > 1 relatively prime. 
J(c, h) is generated by two singular vectors only when c = c Ptq . We say V(c, h) 
is reducible with degree m if m G N is the lowest such that J(c, h) contains 
singular vector of weight h + m. 

Let a, G C. Vir-module from an intermediate series is V a> p = Smez^™ 
with L n v m = — (m + a + /3 + n[3)v m + n and Cv m — 0. Module V a ,p is reducible 
if and only if a G Z and /3 = 0, or 1. Since V a ,p = V a +k,p for fc G Z, we can 
always assume a = if a G Z. Define y ' := Vq : q/Cvo, Vq a := J2 m ^-i^ v ™> 
and V' a q :=V a ,p for all other pairs (a, (3). Then V' a g are all irreducible modules 
from intermediate series. 

Now we define module structure on a tensor product V a a ® L(c, h) with 
L n (v k <8 x) = (L n v k ) ®x + v k ® (L n x). 
It is easy to see that 

«/j ® L (c, ^))^ Q _^ +m = C«„_ m ® L (c, ft) h+Tl 

n£Z + 

so /9 ® -k( c > /i) has infinite-dimensional weight subspaces. Also, V^ B ® L(c, h) 
is generated by {v m <E) v : m G Z} where w is the highest weight vector in L(c, h). 

3 Irreducibility of a module V a p ® L(c, h) 

The following irreducibility criterion was proved in |Zh] : 

Theorem 3.1 ([Zh]) If a ^ /3Z + Z, then a ® L(c, h) is irreducible if and 
only if "V' a a ® L{c, h) is cyclic on every v m (g) v, m G Z, where v is the highest 
weight vector of L(c,h). 
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Here we expand Zhang's proof and eliminate a condition on a. 

Theorem 3.2 Module V' a ^ ® L(c, h) is irreducible if and only ifV^ B ® L(c, h) 
is cyclic on every v m <£> m G Z, where v is the highest weight vector of L(c, h). 

Proof. The only if part is trivial. Suppose V = g ® L(c, h) is cyclic on every 
v m <S> v. Let U nontrivial submodule in V, and x e U nonzero weight n — m 
vector: 

X = V m - n ® Xq + V m - n+ i ® Xi H h V m ® 

where 

£j € V(c, h)h+j,j = 0, 1, . . . ,n and x„ 7^ 0. 

Using induction on n we find Vk®v^U which proves irreducibility. 

If n = 0, then a; = v m (g> .t € £7 is a multiple of v m <g> u. Assume n > 0. 
Since Li and L2 generate algebra Vir + there is i € {1,2} such that LiX n 7^ 
(otherwise, highest weight vector, a contradiction with irreducibility of 

L(c, h)). We continue case-by-case: 



(3 7^ 0, ijU TO 7^ If Li^ m 7^ 0, i.e. m + a + /3 + if3^0 choose I € Z such that 



m + i + o; + /i+(/ — 7^ and set 

= i m + a + p + l!3 

' (m + a + /3 + i/i)(m + i + a + /3+(Z-i)/i) i_l *' 

It is easy to show wv m = 0. For I > n + i we have LjiEj = Li_iXj = for 
j = 0,l,...,n. Then 

tra = f a -i ® 2/o + ^s-t+i ® yi H N s ®!/i, (1) 

where yj G V(c, h)h+j and t < n. Therefore, if to 7^ 0, by induction there 

n 

is Vk ® v £ U . We write x = v m-n+j ® £j so 

n n 

®Xj+\ ^2 {U-iLiVm+j-n ® Xj + Li_iV m+j - n ® LjXj) 

where A - (m+a+ ff + ,"^°Xi+i+g+(t-i)^) • Component of wx in C« m+I _i ® 
L(c,h) h+n -i is 

X,* = LiVm-t ® x n _i + \Li_iLiV m -i ® x„_i + \Li-iV m ® Lio; n . 

If and L linearly independent or x„_i = 0, then 7^ 0, 

so tra 7^ 0. (In case a = 0, /3 = 1 and m — i = — 1 we have = 
XLi-iV m ® L,a;„ 7^ 0.) 
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Suppose ^ kx n -i = LiX n for some k 6 C*. If Xf = for every I > n — i, we 
get 

(m - i + a + /3 + //3) (m + a + f + if}) (to + i + a + f + (I - i) f) 

+ k(m + a + f} + lf})(m + a + f) + (l-i)fS) + (2) 

- (m + a + /3 + If}) (m - i + a + /3 + if}) (m + a + (i + (I - i) f}) = 

Therefore, above equation holds for every I € C, and in particular for 

I = —f}~ x {m + a + ft), which gives 

i 2 (m + a + f} + if})(l-f}) = 0. 

Since i — and m + a + f} + if ^ 0, we get (3 — 1. From © followtQ 
fe = — i. 

We consider two cases: 



i = 1 = f Define wi = Li + m+a 1 +; _ 1 L 2 L;_ 2 for 2 > n + 2. It is easy to 



show w\v m = so w\x looks like the right side in (TTJ). We need to 
show w\x 7^ 0. 

n 

w\x = — (m — j + a + 1 + 1) v rn -j + i ® x„_,- + 

E(m — j + a + 2 — 1) (m — j + 1 + a + 1) 
; —j Z v m-j+l ® ^n-7' + 
to + a + I — 1 

3=0 

Em-j+a + l-1 
m + a + I — 1 

.7=0 

The component in Cu m +z-i ® L(c, h)h+n-i is 

, (m + a + /-2)(m + a + Z)\ 

(m + a + l) ; — Vm+l-l <2> Xn-i, 

m + a + I — 1 J 

and since x n -\ = —L\x n ^ 0, we get w\x ^ 0. 
Define 



t = 2 = 2/3 



w 2 = U H — —L 1 Li^ 1 

m + a + l 

for 2 > n + 1. Since W2V m — 0, W2X also looks like in (TTJ). We show 



1 In the original proof, author makes a wrong conclusion that k = i = m + a + l. We expand 
this part of proof. 
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W2X m nonzero. 



w 2 x = — (m — j + a + 1 + I) v m+l -j (g) x n _j+ 
j'=o 

Efm - f + a + 1) (m + ! - j + a + 1) 
- -p- -v m +i-j <8> a? n _j + 
m + a + t 



Em — j + a + I 
m + a + 1 

j=o 

The component in CiVn+i-2 <8> £(c, h)h+n-2 is 
, , 1N (m + a + Z-2)(m + a + i-l)\ 

(m + a + « - 1) ; — V m+ l-2®X n -2 

m + a + I 

and from 2x n _2 = —L%x n ^ 0, we get w 2 x ^ 0. 



/3 ^ 0, LiW TO = Now suppose m + a + /3 + i/3 = (This case isn't covered in 



Zhang's proof because of a condition a ^ /3Z + Z.) 

n— 1 n 

L;a; = y j (n- j) w m -n+j+i ® Xj + v OT -„+j <g> LiXj = (3) 

n — 1 n — z 

= (n- j) w m -„+j+i (8 a?j + y^ u TO _ n+ j_H <g> LjOij+i 

J'=0 3=0 

If ijX 7^ 0, we can find Vk <8> u € t/ as in previous cases. Suppose L^a; = 0. 
i.e. m + a + 2j3 = 0. From (J3|) follows 



j = 1 



L\x = fm-n+j+i ® ((n - j) atj + Lircj+i) 
so iia; n = — x n -\. Dchnc 

W '^ Ll+ {l + P-2)(l-i) L2Ll - 2 

for I > n + 2. Obviously, w^Vm = so u^x is like in (JTJ). It's left 
to show w'^x for I big enough. Suppose to the contrary that 
w[x = for every I. Set 



x — y v m —j (8) Xji—j , /i 



(Z + /3~2)(Z~3) 
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SO 



[x = -} j ((I - 1) p - j) v m ^ j+ i (g> x n -j+ 



w x x 

3=0 
n 

+ ((' - 3 ) P ~ J) - 2 + I 3 ~ 3) v m-j+l ® 

ra-2 
3=0 

Since Lix n = — x„_i 7^ 0, we consider the component in Cu m +z-i ® 
L(c, h) h+n -i and get 

((I - 1) /3 - 1) (Z + - 2) (I - 3) = (Z - 1) ((Z - 3)/3 - 1) (Z - 3 + /3) 
for all Z, a contradiction. We conclude w^x 7^ 0. 
i = 2\ i.e. m + a + 3/3 = 0. Then 

n-2 

L 2 x = ^2 v m -n+j+i ® ((n - j) Zj + L 2 x j+2 ) + u m +i ® ar„_i 

3=0 

so L2a; n = — 2x n -2- Define 

W ' 2 = U + (i-Z)[ili- P ) L ^ 

for Z > n+ 1. Now w' 2 v m = so is like in ([1]). Suppose u> 2 a: = 
for Z > n. 



'/ 2 X = - ^ ((Z - 2) /J - j) V m +l-] ® Sn-i + 



J=0 

+ L a -3)(Z-l-/3) ^ ^ + 

^ (Z-2)((Z-3)/3-j) 
~ (z_ 3 )(Z-l-/3) " m+i - 1 - 2j ® Ll2; "- J 

The component of u>'x in Cu m +;+2 ® £(c, h)h+ n -2 is 

so for Z big enough we get 

((Z-2)/3-2)(Z-3)(Z-l-/?)= (4) 

= (Z-2)((Z-3)/3-2) (Z-3-/3). 

It's easy to see that ((4]) can not hold for all I 6 C so it must be 
w' 2 x 7^ 0. 
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Now we consider a case (3 = 0. 



/3 = 0, m + i + a^0 



Define 



w" = L 2 l - 7 — — r-p -7- rLlL^iLi 

ym + 1 + a) (to + I + a) 

for Z > n + 2. Since w"v m — 0, we need to show that w"x 7^ 0. The 
component in Cv m+ 2i-i ® £(c, h)h+ n -i is 

w"v m -i ® x„_i - X'LiLi^iVm ® LjX„, 

where A' = ^p^^q^p^ ■ As above, we can assume LiX„ = fc'x„_i 7^ 
for some nonzero k £ C Suppose to"x = for Z > n + 2 and consider the 
coefficient in Cv m+2 i-i ® L(c, h) h+n -i: 

(m — i + a) (m + a) (m + I — i + a) , (m + a) (m + Z — i + a) 
(m + Z + a) (m + a + i) (to + a + i) (to + a + Z) 

— [m — i + a) = 

i.e. 

= (to — i + a) (to + Z + a) (to + a + i) — (5) 
— (to — i + a) (to + a) (to + Z — i + a) + k (to + a) (to + Z — i + a) . 

Since ([5]) holds for Z € C so in particular for Z = i — to — a we get 

i (to — z + a) (m + a + i) = 

so a £ Z. Now we can assume a — and m — i, but then ([5]) yields 
A/toZ = for all Z, i.e. to = and this is impossible in Vq . 



P = 0, m + z + a = Since a G Z we can assume a = 0, and m = — i. Con- 



sider LiX. From the fact that there is no vo in Vq we conclude 

n n—1 n 

Li 2J W-i-n+j ® Xj = - 2J (-* - n + j) w J-n ® + / U-i-n+j ® £^3 

3=0 3=0 3=0 

If 7^ the proof is finished. Otherwise, we can do as before: 



i = l i.e. to = — 1. From Lix = follows L\x n = —x n —\ 7^ 0. For Z 
big enough we see that (Li + jz^L 2 Li_ 2 )x is non zero, and doesn't 
contain a component v m -i®x n . By induction we once again conclude 
there's Vk®v'm U. 



i.e. m = —2. From L 2 x = follows L 2 x n — 2x n - 2 7^ 0. For Z big 
enough, element (L; + -j-^LiLi-i)x is non zero and doesn't contain 
a component w m _/ ® i„. 
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This completes the proof of theorem. ■ 

From this point on, we write U n :— f7(Vir)(v„ (E> v). Directly from the proof 
of previous theorem follows 

Corollary 3.3 Let M a nontrivial submodule inV^p® L(c, h). Then M con- 
tains U n for some neZ. 

In order to prove irreducibility of V' a B ® L(c, h) it suffices to check that 
U n = U n +i for every nel Since 

Li(v n ® v) = -(n + a + 2/3)v n+ i ® w 

we get {/„ 5 if a + 2/3 ^ Z. Other inclusion, however, requires a certain 

relation to hold in L(c,h) i.e. existence of a singular vector in V(c,h). For 
example, »gV(c, h) is always reducible, even if V(c, h) is irreducible, because 
Un ^ t^n+i for every n (Theorem 3 in Zh ). If, on the other hand, Verma module 
V(c,h) is reducible with degree m, V^ a ® L(c, h) is irreducible whenever a is 
either transcendental over Q(c,h,/3), or algebraic over Q(c,h,(3) with degree 
greater then m (Theorem 5 in |Zh] ) . Basically, if there is a weight m singular 
vector in V(c, h), we can prove V^ q® L(c, h) irreducible for all pairs (a, (3) € 
C 2 except those forming a certain algebraic curve (integral roots of degree m 
polynomial). In the next section we expand this result in more details, and 
prove its converse. 

4 Subquotient structure 

First we show highest weight modules appear naturaly as subquotients in tensor 
products. 

Lemma 4.1 Let M(c,h) a highest weight module. If U n +k $ U n C g S3 
M(c, h) for every k € N, then U n /U n +i is the highest weight h — a — (3 — n 
module. 

Proof. Since 

L k (v n ® v) e C/„ +fc c t/n+i, fc e n 
L (w„ ® u) = — (a + /3)u„ ® u + /i(u„ ® u) 

we conclude ii„®d + Un+i is cyclic highest weight h — a ~ (3 ~ n vector. ■ 

The following important result is a generalization of Corollary after Theorem 
4 in [Zh]) 

Proposition 4.2 If a ^ Z, module g ® L(c, 0) is irreducible. 
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Proof. Since L^iv = in L(c, 0), we have 

L-i(v n <8>v) = -{n + a)(v n -i <g> v), Vn g Z, 
Li(u„ <g> v) = -(n + a + 2/?)(u n+ i ® w), Vn g Z. 

If n + a + 2/3 g Z we use 

L_iL 2 (u„ <g> i>) = (3(n + 2 + a)(u n+ i <g> u) 7^ 

to prove U n = U n +i for all n, thus completing the proof. ■ 

Now we focus on V^ fj <g> L(c, 0). If c ^ c p , g , L(c, 0) = V(c, 0)/U(Vir)L^ 1 v is 
a free module over algebra £/(Vir_ \ {L_i}) with standard PBW basis 

{£-i„ • • • L-^v : i n > ■ ■ ■ > h > 1} , 

where v is cyclic highest weight vector. 
Let a — and f3 7^ 0,1. Relations 

L-i{v n ®v) = -n(u„_i <g> w), 
Li(w„ (giw) = -(n + 2j9)(u n+ i <g)v), 

and in case n + 2(3 = 

L- 1 L 2 (v n ®v) = (n + 2)/3(v n+2 <g> t>) 7^ 

show 

••• = C/_2 = I7_i 2 *7 = ^i = •■■ 
If /3 = there is no t>o m ^ooi so we have 

... = u_ 2 = u_ 1 du 1 = u 2 = --- 

and if /3 = 1 there is no v_i so 

■ • • = U-3 = U-2 2 U = C/i = • • • 

Theorem 4.3 Let c 7^ c p , q and aeZ. Module V = V' a ^ <g> L(c, 0) is reducible 
and contains a nontrivial submodule U such that V/U = V(c,h), where h = 
1 - p, if p ^ 1, and h = lif P = 1. 

Proof. Since a g Z we can assume a = 0. Suppose V is irreducible. Then 
U-2 = U\ so there exists x G C/(Vir) such that x(v\ ® v) = v_2 ® Recall that 

*= £ L k _ n n ---L k _\x kl ... kn 
fci,...,fe„e(z + ) n 

for some homogeneous a;fe 1 ...fe n g ?7(Vir + ). Since L k (y n ® v) = L k v n <g> w for 
fc > and L_i(i;o ®«) = 0we can write 

m 

^ a;fe+2 (wfe <8> u) = V-2 <S> v 

k=0 
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for some Xj £ J7(Vir_ \ {F_i})_j, m £ N. But then v m <g> ai m +2^ needs to be 
zero, leading to x m +2V = 0, which is a contradiction since L(c, 0) is free over 
':Vir {L 

From Lemma |4. II we know V/Ui is a highest weight 1 — /3 module with cyclic 
generator V-i eg) u (highest weight 1 module with generator w_2 (£> v if [3 = I). 
Let us show this module is free over J7(Vir_). For simplicity, suppose (3^0. 
Notice that 

U = {u(v ® v) : u £ U (Vir)} = 

= span c {u'(v k ®v) :u' £U (Vir_ \ {X-i}) , fc > 0} 

and each u'(vk <S> v) contains component Vk <8> u'v ^ 0. Suppose V/Uq is not free. 
Then x £ U (Vir_) exists such that x(v-i <g>v) £ Uq. But this is a contradiction 
since x (v—\ ® w) can not have a component Vk ® i/u for /c > 0. ■ 



Remark 4.4 For another proof of Theorem\4-3\ see Remark \5.5\ on pg. Ql| 



Theorem 4.5 Let c ^ c Pi9 and a £ Z. TTien CI = J7(Vir)(wi S3 u) is irreducible 
submodule inV^p® L(c, 0), not isomorphic to some V' s ® F(c, ft). 



Proof. Since J7 = £/& for every k £ N, irrcducibility follows from Corollary [ 

Suppose there is a nontrivial Vir-homomorphism $ : U — > V' s <X> F(c, ft) for 
j,S,h £ C. Since Supp [/+ = — /3 + Z and Supp V' s ® L(c, h) = ft — 7 — (5 + Z, we 
have h — j— S + m = —f3 for some m £ Z. Let 5 = (J) Cw„ and w highest 

n£Z 

weight vector in L (c, ft). 

Let (3^0. Then £/ = U(Vix)(v ® v) and 

$ (vo ® «) = W ® X + 1«1 ® Xi + • • • + W n ® In 

where OTj G £ (c, ft)^. Since L_i (uo ®f) = 0we get L_i$(vq (8 u) = 0, i.e. 

2J (i + 7) Wi-i ®Xj= y Wj ® F-i^ (6) 
i=0 i=0 

Suppose 7 G Z i.e. 7 7^ 0. Then © becomes 

n — 1 n 

y^(j + 1)^ ® Si+i = y^u>j ® F_ixi 

i = 8=0 

which leads to Xj+i = jj^L—\Xi for i = 0, 1, . . . , n — 1 and L-\x n = 0. Hence, 

1 

J 

We can assume Xq — w which leads to L^w = 0. This means h = but then 
Vq s ® L(c, 0) is reducible so $ isn't isomorphism, therefore 7 ^ Z. Then from 
([5]) we get £0 — 0. Let k £ N first such that Xk 7^ 0. Then ^ becomes 

n—X n 

w, ® (i + 1 + 7)^+1 = ^ tWj ® F-i^i 

i—k— 1 i=fe 



= ^-Li^o za j = 1, . . . , n. 
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leading to Xk — a contradiction. 

If (3 = 0, the proof is essentially the same, except we consider v\ <S> v instead 
of Vq ® u. ■ 

Now we generalize Theorem 14.31 

Theorem 4.6 Le£ c 7^ c p( j and V(c, h) reducible with degree m. Then a degree 
m polynomial p{x) G Q(a, /3, /i) fx] exists, such that V a ^ ® L(c, h) is reducible 
if, and only if, p has an integral root. For every integral root n, there is a 
subquotient in V' a a ® L(c, h) isomorphic to highest weight h' module, where 
hi = h + 1 if n = —a G Z, (3 = 1, and hi = h — a — f3 — n + 1 otherwise. 

Proof. When h — 0, we have p(x) = — (x + a), and theorem is essentialy a 
combination of Proposition 14.21 and Theorem 14.31 Therefore we assume m > 1. 

First we find such polynomial p using a singular vector uv G V(c, h)h-\- m , 
u G ?7(Vir_)_ m . It is well known that u = L™ 1 + 53 fe, •••,»« -^-»n "'^-iii 
i n > ■ ■ • > ix, ix + ■ •• + i n = m for some <&!,...,»„ G Q(c, ft) and 91,. ...1 = 1 (sec 
[EE])- Then 

w(u n+m _i ® u) = p'(n)u n _i ® w + aju„ +m _i ® L_j fe • • • L-j t v 

where p'(n) G Q(a, /?, ft) [n] is a degree m polynomial, 2 < i < m, and < fc < m 
(since uv = 0). We want to get rid of this sum using induction on k. Let 
A = (n + m - i + a + (1 - j)(3). Then 

and 

v n+m-i ® L-j k ■ ■ ■ L—j t V = 

= L--j k (v n+m -i (g) L-j h _ x ■ ■ ■ L-j^v) + Xvn+m-i-j ® L- jk _ 1 ■ ■ ■ L^ jt v. 
Therefore, we get u, G f7(Vir_)_( m _ i+1 ) such that 

u(v n+m -i (g> v) + ^ Ui(v n+m -i-i ®v)= p(n)v n -i ® v (7) 

i=l 

with p(n) G Q(a, /?, h, c) [n] a degree m polynomial. This shows that 

U„- X C C7 n + • • • + f/ n+m -i (8) 

ifp(n) 7^ 0. 

Next we prove irreducibility in case p has no integral roots. Assume a + 2/3 ^ 
Z. Then 

Li(w„ 8) «) = — (n + a + 2/3)w n+ i «'o^0 

so f/ n 2 CAi+i for all n G Z. Therefore © becomes f/„_i C J7„ and, if p has 
no integral roots, U n — U n +i for all n so 1^ „ ® i(c, ft) is irreducible. In case 
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a = and (5 — (resp. j3 — 1), Uo (resp. J7-i) does not exist but L 2 (v n ® w) 
shows J7_i D C/i (resp. U-2 2 C^o)- Combined with ([8]) we get irreducibility. 

Suppose a + 2/3 G Z. Since, a is invariant modulo Z we may assume a + 2/3 = 
0. Now we have 

-_f/-i3C/o^i_%3- (9) 

If a = P = (resp. a = — 2 and /3 = 1), Uq, (resp. Ui), does not exist so we 
don't have a problem. Let (3 ^ 0,1. Suppose p{2) ^ 0. Then ([8]) shows U\ C [7 2 
so combined with © we get U\ = U2 _! [/ . Specially, if p has no integral roots, 
we get U n = U n+ i for all n so V' a ~ (g) L(c, /i) is irreducible. 

Now let p(n) = for some n G Z. Suppose w„_i (g) u = x(w„ (g> for 
x E U (Vir_ ) . We can write 

k-l 



i=0 



for some A; G N, and Xj G J7(Vir_)_j-. But then v n+ k®XkV = so Xk G £/(Vir_)u 
so fc > to and rc^ = j/fc_ m u for some j/fe_ m G C/(Vir_) m _fe. Suppose A; > m. 
Then we can apply (JT]) to show 



m — 1 



x k {v n+ k-i <S>v) = y fc _ m u(w„ + fe_i ®t>) = yk~ m Ui{v n+k -i-i <g> v) 



so we can write t>„-i (g> v — Y^i=o x i+i( v n+i <8> «)■ Proceeding by induction, we 
conclude k — m, and this leads back to (O, but since p(n) — 0, we conclude 
that equation v n -i <£> v = x(v n <E) v) has no solution in [/(Vir_). Therefore 
U n -i C p <8 £(c, /i) and U n -i/U n is the highest weight /i — a — /3 — n + 1 
module by Lemma [4.11 In case a G Z, j3 = 1 and n = —a, there is no 
and U n -2/U n is the highest weight module generated by v-2 w as the highest 
weight h + 1 vector. This completes the proof. ■ 

Example 4.7 If c = W \l^ 1 , a singular vector in V(c,h) is S2V — (L 2 _ 1 — 
l/t +^ X_2)u. 5y direct computation we get 



3 

-1 



s 2 ii + 2 (n + 1 + a) L-x ) (v n ® u) = (10) 



n + a + 2/3 

(n + 1 + a) (n + a) - 2 (n + 1 + a — j3)j v n -i (g) v. 

Roots ofp(n) = (n + 1 + a) (n + a) - ^±2 ( n + 1 + a _ ^ are -a + ± 
i yj(4h + 5) 2 -24/3 (2/i+l). 

Example 4.8 For m = 3 roots of polynomial p are —a + /i and —a + ± 
^{h + if -8P(h + l). 
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Corollary 4.9 Suppose Verma module V (c, h) contains a weight 2 singular vec- 
tor and —a + — — 1± V( 4:h +5) 24ff(2ft+i) ^ ^ Then g ®L (c, h) is irreducible. 

Corollary 4.10 If Verma module V(c,h) has a weight 3 singular vector and 
—a + - — 1:t ^/( h+ ^ 8f3(h+ V)_^ _ a _)_ ^ 2 ; module g ® £(c, ft) is irreducible. 

Remark 4.11 When c — c Ptq , reducible Verma module V(c,h) has two inde- 
pendent singular vectors. Each of them produces two polynomials as in Theorem 
\4-6] V^ s ® L(c, h) is irreducible, unless there is a mutual integral root. Proving 
reductibility directly seems somewhat challenging. However, this will follow from 
existence of intertwining operators, as we '11 see in the next section. 



5 Intertwining operators and reducibility of V' a g<g 

L{c,h) 

Definition 1 Let Mi, i = 1,2, 3 modules over VOA V = (V, Y, 1). Linear map 
T : Mi ® M 2 -> M 3 {w} = {SneQ""- 2 ™ : u n € M fe j, or, equivalently, 

T : M\ -> (Horn (M 2 , M 3 )) {z} 
T (u, z) = 2_, u nZ~ n ~ 1 , with u n G Horn (My, Mfc) , 

is called an intertwining operator of type ( Ml M \f 2 ) if it satisfies: 

i Truncation property - For any u G Mi, v G M 2; u n v — for n sufficiently 

large; 

ii L-i-derivative property - I(L_iw, z) = 4zl{w, z) for any w G M\; 

iii Jacobi identity - for any a G V , u € Mi and t> G M 2 

z^ 1 5 ( — ) Y(a, zi)X(u, z 2 )v — z ( ^ 1 S ( — — — ) X(u, z 2 )Y(a, z\)v 

= z^ l 5 - l(Y(a, zq)u, z 2 )v 



If Mi are highest weight ftj Vir-modules, then I(u, z) = z~ a J2 n 
where a = hi + h% — /13. Suppose there exists such nontrivial intertwining 
operator I and suppose h\ 7^ 0. Let v the highest weight vector in M\. Using 
Jacobi identity and derivative property we get 



i>0 



[L m , v {n) ] = ( m t 1 ) (L i - l v) { 



n,-\-n— 



= (m+n+1) + ( m + l)(io«)(m+n) = 

= -(a + n + m + l)«( m+n ) + (m + l)fti«( m+n ) 
= -(n + a + (1 - /ii)(l + m))W( TO+n ) 
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so components of I(v, z) span V' a s , where /3 = \ — h\. Moreover, a nontrivial 
Vir-homomorphism $ is defined: 

$ : V^p <S)M 2 -> M 3 , $(w n ® «') = u (n) u' 

where v' is the highest weight vector in M.%. Comparing dimensions of weight 
subspaces we conclude V' a B <g> M 2 is reducible. 

Theorem 5.1 Let M{, i — 1,2,3 the highest weight (c,hi) Vir-modules, and 
hi 7^ 0. Suppose a nontrivial intertwining operator I of type {m^m^} ex i s ^ s - 
Then there exists nontrivial Vir-homomorphism Y' a B ® M 2 — > M 3 , where a = 
hi + h,2 — h 3 and /3 = 1 — hi . Consequently, B ® M 2 is reducible. 

5.1 Minimal models 

Vir-module L{c, 0) admits an irreducible VOA structure. For c = c Pj9 = 

1 — 6 ^ p ~^ , where p,q > 1 are relatively prime, this algebra is rational f |FZj ). 
meaning it has only finitely many irreducible modules, and every finitely gener- 
ated module is a direct sum of irreducibles. Let 

h mn = {np - mq)2 ~ iP ~ q) \ o< m < P ,0<n< q . (11) 
4pq 

Then L(c Ptq , h m<n ) is module over VOA i(c p g ,0), called minimal model. 
Wang has shown in jW] that minimal models are all irreducibles for VOA 

L(Cp,g,0). 

Using fusion rules ( |FZj . |Wj ) we have the complete list of intertwining op- 
erators for VOA L(cp )9 ,0). 

An ordered triple of pair of integers ((m, n), (m', n'), (m", n")) is admissible 
if < mi,m 2 ,m 2 < p, < ni,n 2 ,n 3 < q, mi+m 2 +m 3 < 2p, ni+n 2 +n 3 < 2q, 
mi < m 2 + m 3 , m 2 < mi+m 3 , m 3 < mi+m 2 , m < n 2 + n 3 , n 2 < ni+n 3 , n 3 < 
ni +n 2 and the sums mi + m 2 + m 3 and ni +n 2 + n 3 are odd. We identify triples 
(K,ii), {m 2 ,n 2 ), (m 3 ,n 3 )) and ((mi,ni), {p -m 2 ,q~ n 2 ), (p -m 3) q- n 3 )). 

Let c = c Ptq . Nontrivial intertwining operator of type h^^'^'Ltch /)) 
exists if and only if ((m, ri), (m', n'), (m", n")) is admissible triple of pairs. (See 

my 

If h = h m _ n as in (jlip . the following intertwining operators always exist: 



L(c, h) 
L(c,0) L(c,h) 

L{c, h) 
L(c,h) L(c,0) 

L(c,0) 
L(c,h) L(c,h) 



(module L(c, h)) 
(transposed operator) 
(adjoint operator) 
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Example 5.2 (Yang-Lee model) L(— TpO) and L{— Tp — g) are £/ie on/y ir- 
reducibles over VOA L(— 4p,0). ( L( . 22 i ^" B "' i ^22 i^) completes the list of 
intertwining operators for L{— -g-,0). 

Example 5.3 (Ising model) L(|,0), L(|, ^) andI/(^,^) are i/ie onfo/ irre- 

complete the list of intertwining operators for c = | . 

Corollary 5.4 There are nontrivial Vii-homomorphisms: 
F ' f ®L(-f,0))^L(-f,-±), 



r §)8 ®i(-f ->£(-f ,0),, (V_\ if ®£(-f,-i))^£(- 

V Q \ ®L(±,0)) ->L(i i), (^i,®i(i0)) ->i(i^), 

Vf, a ® £)) 0), (Vl ti ® i)) L(± £), 



22 

5 ' 5^ 



8 I 16 

Proof. Directly from Theorem 15. II 



Remark 5.5 Let c ^ c Pi9 and /i ^ 0. TTien V^c, ^) * s 'module over VOA 
L(c, 0) so £/iere is a transposed intertwining operator of type ( V ( c m £( c )) ■ 
Therefore a nontrivial Vir -epimorphism V a L(c, 0) — > V(c, h) exists, which 
proves Theorem \4-3\ However, V(c p _ q ,h) is not L(c Pi9 ,0) -module. 



Next we consider irreducibility of p ® L{c p , q , h m , n ), c = — \- We take 
advantage of the fact that V(cp )g , h m>n ) has two singular vectors we can use 
independently in order to prove irreducibility for all pairs (a, ft) except those 
laying on interception of two algebraic curves. These exceptions are precisely 
those listed in Corollary 15.41 

Proposition 5.6 Module V' a g ® L{— 0) is irreducible if and only if (a, (i) ^ 
(0, |). Moreover, 

(K,f ®£(-f .0)) /f/o = i(-f ,--)• 

Proof. If a ^ Z this is a special case of Proposition 14.21 Let a = and let 
s = Z/l 2 — g-k— 4' Then st> = if v is the highest weight vector in L{— t?,0). In 
discussion before Theorem 14.31 we noted that 

• • • = U-2 = U-! 3 U = Ui = • • • 
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It is left to show that {7_ x C U (or U- 2 Q U x if [3 = 0, 1). We have 
s(w 3 ® u) + 2(3 - /3)L_ 2 (ui ® v) = ( p - | ] (1 - ® u. 



Since v 3 <E> w e C/ 3 = C/j we get J7i C fTlx for /? ^ 1, |. On the other hand, for 
/3 7^ we have 

s(v 2 ® v) - 2(f3 - 2)L_ 2 (w ®v)= l ) v -2 ® v > 

proving Uq C f/_ 2 , for /3 7^ — 1,0, |. This proves irreducibility when j3 7^ |. 
Since V' 5 ®L(-f , 0) is reducible by Corollary by Theorem [331 it must 

be Uq 7^ E/_i. From lema !4.1l we know that ( y e <8> £(— 0)J /C/ is isomorphic 

to some quotient of V(—=£,—-k)- Next we check relations for singular vectors 
in V(—^f,—\). We need to show that 

2 

{L-x - -£- 2 )0-i®«) e U 

5 

, 3 8 4 

(Xi-i - -L_ 2 i-i - — L_ 3 )(w-i ®«)ef/o 

By direct computation we see that 
9 2 

(Lt 1 - ~L- 2 )(v-i ®v) = -s(vi ®v) eU 1 = U 


and 

8 4 
(i 3 -! - gi_ 2 L_! - — £_ 3 )(v_i ® «) = 

75 2 2 

= -y - gi-a)(«d ® ») - 25L_ 1 {L 2 _ 1 - -i_ 2 )(»i ® «) G t/ 

This shows irreducibility of ^Vq' 6 ® L(— 0)^ /?7o and completes the proof. ■ 

Proposition 5.7 y /9 (g)L(i,0) is irreducible if and only if (a, f3) 7^ (0, |),(0, ||). 
Moreover 



fo'ig® 1 ^. )) /U = L( 



1.1) 

2' 16 ; 



Proof. Again, we may assume a = 0, and need to check that U-2 C U\. 

Let s' = 64L 3 _ 2 + 93L 2 _ 3 - 264L_ 4 £-2 - 108L_ 6 . Then s'v = in L (|,0). 
Relations 

s'(» 5 (8 v) + 192(5 - f3)L 2 _ 2 (v 3 ®v)- 264(5 - /3)L_ 4 (u 3 <g) u)+ 
+186(5 - 2/3)L_ 3 (v 2 ®v)- 264(5 - 3/3)L_ 2 (vi ® u)+ 

+192(5 - /3)(3 - /3)£_ 2 («i ® «) = -208 - 1) ([3 - M L8 - ^ ® v) 
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and 



s> 4 ® v) + 192(4 - P)L 2 _ 2 (v 2 ® v) - 264(4 - 0)L^(v 2 ® v)+ 
+186(4 - 2(3)L^{vi ® «) - 264(4 - 3/3)L_i(v ® «)+ 

+ 192(4 - /3)(2 - /3)L_i(u ® «) = 2 08 + 2) ( [3 - ~ ] ( [3 - if ) (v. 2 ® «) 
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show that l/i C E7_ 2 when j3 ^ |, |§. 

Let /3 = i. Using L l7 L 2 and £-i we get 



(^®4 Q) ) =P - 



Since V^'i ® i(^,0) is reducible by Corollary 15.41 it must be U ^ U\. By 

'i i> 

■2" 2> 



Lemma I4TT1 U_\/Uq is isomorphic to a quotient of a V^(|, i). It is left to show 



{L\ - -£_ 2 )(u_i ®u) G C/ , 
4 

(L_ 3 - -i_ 2 £_i)(u_i ® u) G C/ . 
5 

However, direct computation shows 

4 4 
- -L_ 2 )(u-i ® w) = ® £-2« = s 6(«3 ® «)+ 

+480L 2 , 2 (ui ® u) + 372 J L_ 3 (w ® u) - 660£_ 4 (ui ® «) G t/ 

where s 6 w is a weight 6 singular vector in V(|, 0). Also, (i_ 3 — |L_ 2 L_ i)(i>-i® 
u)=0. 

If /? = i|, one can show 

3 

- ji- 2 )(w-i ® v) G C/ , 

(16-Z/L 2 - 24L_ 3j L_! - 9L_ 4 )(u-i ® u) G f7 , 

in a similar fashion. ■ 

When h„ hn ^ we proceed similary. Using Li, L 2 , and singular vectors on 
levels 2, 3 or 4 one can prove 

Proposition 5.8 V' a a®L{— 4?, — |) is irreducible if and only if (a, (3) ^ (— 

V 5' 5'' 

o ® |) is irreducible if and only if (a,/3) ^ (0, |), (|, 
K,p® L (h>T§) ls irreducible if and only if(a,/3) ^ (±, if), (-§, ±§), (±, i). 

Remark 5.9 By direct computation, just as in Propositions \ 5. 6^5. 7\ one can 
show that kernel of each homomorphism in Corollary \5.4\ is Uk for some k G 
{—2, —1,0}. Every such Uk is irreducible (by Corollary 1 3. Sty . Therefore V a ^ ® 
L(c p ^ qi h m ^ n ) has a Jordan-Holder composition length 2. 
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Based on examples shown above, and other examples we have not mentioned 
here (such as 02,7 = —68/7 minimal models) we state 

Conjecture 5.10 Let c = c pA 7^ and L(c,h) a minimal model. Module 
V' a a ® L(c,h) is reducible if and only if there exists admissible triple ((to, n), 
(m , n'), (m",n")) such that h = h rn > ^ , a = h m-n + /i m ' jn ' — h m », n " and (5 = 
1 — h mjl . In that case, there is an irreducible submodule U such that 

(V^p®L(c,h)) /U<*L(c, h m „, n „). 
5.2 c=l intertwining operators 

It is known (see [KR], [FZ]) that V(l, h) = L{l,h) if and only if h ^ ^ for 
m G Z. In case h = to 2 , the unique maximal submodule of V(l, to 2 ) is generated 
by highest weight (to + l) 2 vector and is isomorphic to V(l, (m + l) 2 ). We have 
fusion rules for VOA L(1,0) from [DJ], [Mi) : 

Let m, n, fc G N. Intertwining operator of type (^p m 2 ) i(i n 2 )) exists if 
and only if \n — m\ < k < n + m. If n ^ p 2 for all p G Z, then operator of 
type ( „)) exists if and only if k = n. Also, a transposed operator 

(L(l,n L ) (1 L(l, m i)) exi8tS if and 0nl y if k = 1l - 

Now consider L(l, 1). For a fixed m G N we have operators (uxm^Lfii)) > 

(L(i,^r2 ( i,i))' and when » * p 2 - Sincc « = ™ 2 + 1 - fc 2 e z, 

this proves reducibility of Vq 1 _ m 2 <8> L(l, 1). From existence of a transposed 
operator ( L ^ ^j 1 '^ we get reducibility of Vo'i_„ ® £(1, 1) for all n G N. 

Example 5.11 Now we apply Theorem \4-6\ to V a g Verma module 

V{1, 1) is reducible with degree 3, and associated polynomial has roots —a ± 

2-^/1 — /3 and 1 — a (see Example \4-8\ l- If we set a = 0, Uq/U\ is the highest 

2 

weight 1 — /3 module. If 2y/l — f3 G Z, or equivalently if\—f3 = ^- /or some m G 

Z, £/ien U m ^i/U m is the highest weight (^ + l) 2 module, and J7_ m _i/£7_ OT is 

the highest weight (tt — I) 2 module. This indicates, existance of the intertwining 

operators 

I L(l,h) W W \ 

U(l,ft) MMV'^(l,( ? ) J ) L(l,l)/'li(l,(m) ! ) L(1,1)A 

/or ft, G C, and to G Z which agrees with (specially if h = y 1 results from WJf . 

Of course, for every a G C \ Z £/iere are £wo nontrivial subquotients, namely 
U_ a ± 2 ^/T^fs-i/U_ a ±2^/T=ji, but these are isomorphic to irreducible Verma mod- 
ules with highest weights — j3 =F l) 2 ^ jZ 2 . 27ns could, lead to existence of 

intertwining operators (f J/^^/)) and (^^J^) ■ 
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Corollary 5.12 If an intertwining operator of type tf'yj i\) exists, then 



(i,h) L(i,iy 

an Mer- 



it' e I (Vh-l) ,h, (Vh + 1^ }. In particular, let m,k G Z + . // 
twining operator of type ( , ^1^^ ^ ^) ex ^ s > then k € {to — 2, m, m + 2}. 



Proof. Directly from Theorem 15.11 and previous example. ■ 

Example 5.13 We can also apply Theorem \4-6\ to V' a s ® L(l,j). There is 
a singular vector in V(l, ^) on level 2, so roots of associated polynomial are 
—a ± y/1 — /3. // we want 1 — (3 = ^j-, then a — | /or fc G Z. in £/ia£ case, 

U±m-k 1 / U±m-k is the highest weight ("T 1 ) module. This gives operators of 
type 

L(1,(V) 2 ) \ / i(l,(^) 2 ) 

a(i,(f) 2 ) °" U(i,(f) 2 ) L(i,i) 

Existence of these intertwining operator were proved in [Mi]. For a ^ ^Z we get 
a subquotient isomorphic to a highest weight {\f\ — indicating operators 

oftvve( L ^' (VK -^ 2 h and (H^+hT)) 

0J lyPG \L(l,h) L(l,l)> anCl \L(l,h) L(l,l)>- 

Corollary 5.14 If an intertwining operator of type ^ t ,) exists, then 
h' = (^\/h± i^j . In particular, let m,k G Z + . // an intertwining operator of 

L(i,m 2 ) . 

type ( , , \_\ y , ,) exists, thenk = m±l. 

v i(i,(f) 2 ) 

Remark 5.15 Let x Q, c = 13-6^-6;^ 1 and A(k) = ^£p--\fork G Z. 
XTien y(c, A(fc)) is irreducible if and only if k < (see 'FF21). Furthermore, if 
ki 6 N, i = 1,2, 3 £/ien intertwining operator of type ( L , A(fcj)) A ^L(PA(fc 2 ))) exists 
if and only if k\ + &2 + &3 G 2Z and — fel < &3 < k\ + k2 (see Proposition 
2.24- in 'FZ21). However, if we allow n=\, we get c = 1 and A(fc) = and 
it seems results for intertwining operators still hold. 
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